The irreducible antifield formalism for p-form gauge theories with gauge invariant interaction terms is exposed. The ghosts of ghosts do not appear. The acyclicity of the Koszul-Tate operator is ensured without introducing antifields at resolution degrees higher that two.
Our main result is that this is always possible (for the priorly invoked class of theories). As far as we know, this problem has not been approached. As a consequence of our irreducible treatment, the ghosts of ghosts are not necessary, and the auxiliary fields have a linear structure (in contrast with the pyramidal reducible structure). Our method basically relies on replacing the redundant gauge theory with an irreducible one possessing the same physical observables, and on further quantizing the resulting irreducible gauge system.
The main points approached in our paper are as follows. First, we explain in detail our irreducible mechanism in the case of free abelian p-form gauge fields. Second, we extend the results to gauge theories involving various sorts of abelian forms with gauge invariant interaction terms, and reduce the problem to the free case analysis. This is possible by virtue of the fact that the reducibility functions associated with the interacting system are diagonal.
We start with the Lagrangian action of free abelian p-form gauge fields (p > 1)
where F (p)µ 1 ...µ p+1 are the field strengths of the antisymmetric fields A (p)µ 1 ...µp and D > (p + 1). The additional index (p) is introduced by virtue of the subsequent discussion, where various sorts of abelian p-form gauge fields will be dealt with. Action (1) is invariant under the gauge transformations
with [µ 1 . . . µ p ] denoting antisymmetry with respect to the indices between brackets. This model is (p − 1)-stage reducible, the reducibility relations
holding off-shell, where the kth order reducibility functions are given by
First, we introduce a bosonic antisymmetric field, A
, associated with every reducibility relation (3) corresponding to k ≥ 0 even, and also a bosonic antisymmetric gauge parameter, ǫ
, attached to every reducibility relation (3) corresponding to k ≥ 1 odd. We require the next gauge transformations for the new fields
with b p = p/2, or (p − 1) /2 for p even, respectively, odd. Here and throughout this paper, we use the conventions f µ 1 ...µm = f if m = 0, and f µ 1 ...µm = 0 if m < 0. We consider the theory described by the Lagrangian action
subject to the gauge transformations (2) and (5). It is obvious that (6) is invariant under (5) . Let us show that the above mentioned gauge transformations are irreducible. In this respect, we take ǫ
in (2) and (5) (for k = 0, . . . , a p , with a p = p/2 − 1, or (p − 1) /2 for p even, respectively, odd), and find δ ǫ A
, k > 0. The prior gauge transformations vanish if and only if θ
, so ǫ
= 0. This clearly emphasizes that (2) and (5) are irreducible. In this way, we associated an irreducible theory, described by action (6) and the gauge transformations (2), (5) , with the starting redundant model. Next, we prove that both the irreducible and initial reducible theories display the same physical observables. Let F A
be an observable for the irreducible system. As any physical observable must be gauge invariant, on behalf of (2) and (5) it follows
with k = 0, . . . , b p . We solve the above system starting from the last equation. We explain the case p even, the other situation being similar. For k = p/2, equation (7) reads ∂ µ δF δA (p)
+ 2∂
ν δF δA
which further implies, using ∂ ν δF δA
Step by step, we infer along the same line that F does not depend on the new fields,
= 0 for k = 1, . . . , p/2, such that the first equation from (7) becomes
= 0. Due to the fact that, on the one hand the last equations stand for the equation fulfilled by the observables of the reducible theory, and on the other hand F depends only on the original fields, it results that any observable of the irreducible system is also an observable of the reducible one. At the same time, it is obvious that ifF A
represents an observable of the reducible theory, then it remains so for the irreducible system, because it automatically satisfies (7). In consequence, the irreducible and reducible versions are physically equivalent, describing the same physical theory. From the point of view of the BRST formalism, the zeroth order cohomological groups of the longitudinal exterior derivative along the gauge orbits associated with the reducible, respectively, irreducible model coincide. Thus, if we show that the Koszul-Tate operator in the irreducible case is acyclic, the homological perturbation theory [14] - [17] ensures: (i) the nilpotency of the irreducible BRST symmetry, s, and (ii) H 0 (s) = {observables}, with H 0 (s) the zeroth order cohomological group of s. This makes legitimate from the physical point of view, i.e., from the point of view of the requirements s 2 = 0, H 0 (s) = {observables}, the replacement of the BRST quantization of the reducible theory with the quantization of the irreducible one.
At this point we briefly investigate the higher order cohomological groups of the longitudinal exterior derivative along the gauge orbits. This analysis will be relevant during the gauge-fixing process. More precisely, we show that all the higher order groups in the irreducible situation are trivial. This can be seen by introducing the minimal ghost spectrum in the irreducible case, namely η
(with k = 0, . . . , a p ), and defining the action of the longitudinal exterior derivative along the gauge orbits as usually, through
The ghosts η are fermionic, with pure ghost number one. From (8-9) it will follow that all the ghosts are D-exact. Here we indicate the line corresponding to p even, the opposite situation being treated similarly. We start with the last two equations from (9),
. Applying ∂ µ on the last relation and using the first one, we derive η
(p) . Multiplying the next equation from (9) by ∂ µ and taking into account the expression of
. Acting like before, we infer η
with χ
. On the one hand, from (10) it follows that any D-closed quantity of pure ghost number greater than zero is a polynomial in the ghosts with coefficients that are gauge invariant functions. On the other hand, from (11) it results that any such polynomial is D-exact. As a consequence, all H q (D) with q > 0 vanish in our irreducible approach. Now, we prove that the Koszul-Tate operator corresponding to the irreducible model, δ, is truly acyclic. Accordingly the standard BRST receipt, the minimal antifield spectrum reads as A * (p)µ 1 ...µ p−2k
(with k = 0, . . . , a p ). The A * 's are fermionic and have antighost number one, while the η * 's are bosonic, with antighost number two. We define the action of δ on the generators from the BRST complex as usually by (13) and (14), we observe that ∂ 's in the higher order resolution degree homological groups of δ. In the reducible BRST approach, the δ-closed polynomials are killed step by step in the homology of δ by appropriately introducing some new generators (the antifields associated with the ghosts of ghosts). This is not necessary in our treatment, as we show that the δ-closed quantities with positive resolution degrees from the irreducible case are δ-exact. In this respect, we prove that
are δ-exact. The proof will be exemplified in the case p even, being similar if p odd, and goes as follows. We start with the last equation from (15), δη
Using the last relation in the next equation from (15) multiplied by
. Along the same line, we derive
for k = 1, . . . ,
, and
Formulas (16) (17) restore the δ-exactness of the investigated quantities. Moreover, we cannot find δ-closed expressions involving η * (p)µ 1 ...µ p−2k−1 due to the irreducibility of the gauge transformations (2) and (5). In conclusion, the above antifield spectrum is enough to enforce the acyclicity of δ, so we do not need to introduce antifields with resolution degrees higher that two. In this way, the acyclicity of δ is fully guaranteed within our irreducible approach, hence, as explained above, we can replace the quantization of the reducible model with the one of the irreducible theory.
In the sequel we perform the antifield-BRST quantization of the irreducible system built previously. With the minimal ghost and antifield spectra at hand, we choose the non-minimal sector η
, B * (p)µ 1 ...µ p−2k−1 with k = 0, . . . , a p . The B's andη * 's are bosonic and with ghost number zero, while the remaining variables are fermionic, of ghost number minus one. The ghost number is defined as the difference between the pure ghost number and the antighost number. The non-minimal solution of the master equation is expressed by
In order to fix the gauge, we recall formula (11), which actually shows how the ghosts remove the unphysical degrees of freedom. Indeed, we can regard the functions χ
like some fields with the gauge transformations δǭχ
, whereǭ
, so the χ (p) 's are purely gauge. Then, it is natural to take the gauge conditions χ
= 0 in the gauge-fixing process. They are enforced via the gaugefixing fermion
from which we derive the gauge-fixed action
It is easy to check that the gauge-fixed action (20) possesses no residual gauge invariances. The formula (20) is the final output of our irreducible procedure for abelian free p-form gauge fields. It establishes that one can consistently quantize free abelian p-forms without introducing either ghosts of ghosts or their antifields. At the same time, we remark that our approach outlines some good gauge conditions with a direct physical content. These conditions appear in the reducible procedure from the necessity of implementing some irreducible Lorentz type gauge conditions. As can be seen from (5), our procedure activates some of the ineffective gauge transformations implied within the reducible treatment. Then, it appears legitimate the question whether we can make effective all the ineffective gauge transformations. The answer is however negative. We show this in the simple case of three-form gauge fields, the general proof following a similar line. The gauge invariances of abelian three-forms,
(3) and further ǫ ρ (3) = ∂ ρ ǫ (3) . Accordingly our method, only the gauge transformations with the parameters ǫ
. In order to make also effective the transformations with the gauge parameters ǫ
. The gauge transformations of the theory with three-, two-, one-, and zero-form gauge fields are irreducible. However, this new irreducible system does not describe the same physical observables like those of free abelian three-form gauge fields. This can be seen by writing down the equations associated with the physical observables of the irreducible theory, namely, 3∂ µ δF δA
= 0, 2∂ µ δF δA
From the first and third equations, we infer ∂ 
with arbitrary non-vanishing θ µνρ (3) 's, which means that some reducibility is present. Thus, if we try to make physically equiv-alent the two theories, then we lose the irreducibility, and, conversely, if we ensure the irreducibility, the two systems are no longer physically equivalent. In consequence, one cannot make effective all the ineffective gauge transformations, and, at the same time, enforce the irreducibility. This argues the introduction only of the fields A
with the gauge transformations (5). With the above analysis at hand, we are ready to investigate the irreducible BRST quantization of gauge theories with abelian p-form gauge fields involving interacting terms that are gauge invariant under (2) . These terms may increase the derivative order of the field equations because the Lagrangian density contains only the field strengths and their derivatives.
1
For definiteness, we begin with a gauge theory described by the action
where a = 1, . . . , n and p a ≥ 1. Here, A
is of the type (1), and S L I involves all the consistent interaction terms invariant under the gauge transformations of the type (2) for every p a . The theory described by (21) can be quantized in an irreducible manner accordingly the approach to free p-forms discussed earlier. In this light, for every p a > 1 (abelian one-forms are irreducible) we add the fields A , k = 1, . . . , a pa , and require the gauge transformations of the type (5). Although we investigate an interacting theory, the analysis goes almost identically with the free case for every sort of original fields because the reducibility functions of the interacting theory contain diagonal blocks. The only difference resides in the action of the Koszul-Tate operator on the initial fields, as the interaction terms may add some new terms to the free equations of motion. This does not affect the analysis from the free case, as the new equations of motion satisfy the same Noether identities like in the absence of interaction. Hence, the proof of the physical equivalence (at the level of observables) between the reducible and irreducible theories, respectively, the acyclicity of the irreducible Koszul-Tate operator remains unchanged. With these considerations at hand, it is simply to see that the gauge-fixed action reads 
In (22) S (pa) ψp a is expressed by the second and third terms in the right-hand side of (20), with p → p a . The gauge-fixing fermion on account of which we reach (22) is given by ψ = a ψ pa , with ψ pa like in (19). The derivation of the gaugefixed action (22) completes our treatment. At this point, we mention that our irreducible Lagrangian investigation of interacting p-form gauge theories is advantageous as compared with a Hamiltonian analysis because S L I may contain higher-order derivative terms which overwhelm both the canonical approach and the construction of some irreducible first-class constraints.
To conclude with, in this paper we proved that gauge theories with abelian p-form gauge fields can be quantized along an irreducible antifield BRST fashion. The cornerstone of our approach is given by the construction of an irreducible gauge theory in a way that makes legitimate the replacement of the reducible antifield-BRST quantization with the irreducible one. The acyclicity of the irreducible Koszul-Tate operator was explicitly emphasized, and also the equivalence between the irreducible and reducible theories at the level of physical observables was completely elucidated. At the same time, our formalism leads to some gauge conditions allowing a meaningful physical interpretation. Our results will be used in a next paper at the investigation of the deformation of the master equation [18] for gauge theories with abelian p-forms, and also at solving appropriately some cohomological aspects linked with such theories.
